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VIII. CONCLUSION I dowin

The LIGO detectors have observed gravitational waves Q é/ ) 0 .

from the merger of two stellar-mass black holes. The .
detected waveform matches the predictions of general 0 ﬂ -
relativity for the inspiral and merger of a pair of black
holes and the ringdown of the resulting single black hole.
These observations demonstrate the existence of binary
stellar-mass black hole systems. This is the first direct .

detection of gravitational waves and the first observation of || Reoaracien (omplate)
a binary black hole merger. 0.30 0.35

Time (s)
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1' GraVIty as a Gravity as a fundamental force
fundamental force General Relativity

Gravitational Interaction: classical theory Indirect evidence (1974)
(A. E_l_nsteln) in 1915. Respon3|b_le for the Direct Detection (2016)
stability of matter on macroscopic scales.

Radiation of Gravitational Waves
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Quark and Leptons: the fundamental matter constituents

Elementary (structureless) down to 1018 m Ordinary Matter
or more
Well defined charge and spin

FirsT FAmILY

Matter in ordinary
(Eart_h_—llke) energy S
conditions A nassiva electron

Seconp FamiLy

Similar properties,
more massive

Make up unstable
partiCIeS THiRD FAMILY

Decay to stable particles Rarest particles, e
most massive tau neutrino

These are the consituents. How do they interact between them?
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The concept of elementary interaction

Newton Action at a distance

Faraday,Maxwell The classical field

—

Quantum Fields (quanta exchange)
Electomagnetism

-. electron
+ \N\N\i
. gamma

proton

u n . .
Strong Interaction Gravity (spacetime curvature)

D@f@. proton

gluon

nentron

Weak Interaction

. $
L—& .. 7 &.

nentron proton .\
neuh'lno .

Radioactive Beta Decay
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Gravity is a special case : Gravity is way less intense than other forces on

~ microscopic scales

—

Gravity behaves the same for all bodies
There is no Quantum Theory of Gravity

Gravity is the decisive dynamical force in the
Universe

_212x10° e’ (4.8x10™°)°  dynecmem 1

ez “ T hc 1.054x10 7 x3x10° cm 137
g erg s—

2.12x10"

2

(1.67x107kg)’ 2? «

....gravity weaker by many

orders of magnitude
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2_ General Relaﬂvrty Gravity as a fundamental force

General Relativity
| Gravity concerns all forms of energy of

the Universe (mass included)
Responsible of bounds between
macroscopic bodies

Radiation of Gravitational Waves
Indirect evidence (1974)
Direct Detection (2016)

Far away from sources
of mass/energy (in a

flat spacetime)
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Einstein’s Field Equations G 14 —87T 15

> ( energy ) momentum
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Electromagnetic radiator

Oscillating

Gravitational radiator Classical definition
- J' p3z° —rhHav

3K -1 +1)

)=
¢ U+Hf?.f+3}

ax0 - _

Prolate
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GWs in linear gravity

e We consider weak gravitational fields:

7 ~ umy + hqu,u + O(h’iu

I

flat Minkowski metric

e The GR field equations in vacuum reduce to the standard wave equation:

82
(&2—vﬂMW:DMW:o

e Comment: GR gravity like electromagnetism has a “gauge” freedom
associated with the choice of coordinate system. The above equation
applies in the so-called “transverse-traceless (TT)” gauge where

hou =0,  h'=0
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. GWs: polarization
Wave solutions

¢ GWSs come in two polarizations:

¢ Solving the previous wave equation in weak gravity is easy. The
solutions represent “plane waves™:

h ny =

wave-vector

* Basic properties: Am, k= 0. kok® =0

“ n pOlﬂriZﬂtion “X" pOlariZatiOn

transverse waves null vector = propagation along light rays

e Amplitude: A = h——i— fﬁ—v + hy Ffév

f

two polarizations
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General Relativity

4. |nd|rect ev|dence Gravity as a fundamental force
/

Radiation of Gravitational Waves
Indirect evidence (1974)

Two massive and compact objects
orbiting one around the other

Direct Detection (2016)

The system can emit gravitational
waves (if its quadrupole moment
changes)

Pulsar

Pulsar

Energy conservation tells that the
energy of the system decreases!
The orbit parameters change

INDIRECT evidence of the

existence of Gravitational The effect can be detectable!

Radiation from the source
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Delay in the Gravitational Waves

Time of Periastron

OF Binary Puilsar the evidence

Emission of gravitational waves

Neutron Binary System — Hulse &

Ta}!lor ﬁomparison between observations of the binary pulsar
PSR1913+16, ond the prediction of general relativity based on

: . . loss of orbital energy via gravitational waves
PSR1913+16 "-Tlmlng Of _lII'?IYIIIQIII*IIIIIIIIIIIIIIII_
pulsars‘/ 17 | sec

o\

®
—__

~8 hr

Ceneral Relativity prediction/

Cumulotive shift of periastron time (s)

Neutron Binary System
« separated by 10° miles
‘mi=1.4me: m2=1.36me;c=0.617

llllllllll]llllllllllllllll
From J.H. Taylor and J. M. Weisberg, unpublished (2000)

llllllllllllllllllllllllllll

e v 30

Prediction from general relativity 1975 1980 1985 1990 1995 2000
= . - Year

+ spiral in by 3 mm/orbit

* rate of change orbital period
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5. DireCt DEteCtion Gravity as a fundamental force

General Relativity
/

Radiation of Gravitational Waves
Indirect evidence (1974)
Direct Detection (2016)

Two massive and compact objects

orbiting one around the other

Pulsar

Pulsar

Gravitational Waves

1960: J. Weber proposal of resonant detectors (cryogenic bars, 1960).

In Europe three of them have been built by E. Amaldi and coworkers (CERN,
Legnaro and Frascati).
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The search for Gravitational Waves:
Michelson Interferometers in the
Fabry-Pérot configuration

light storage arm

Key idea: mirrors (test masses) test mass | test mass
whose position is monitored by laser test mass

. splitter photodetector
LIGO (USA, 2 interferometers) and
Virgo (Italy-France) in a single 1000
scientist collaboration

i
[=]
|

d

Cv]

Strain noise (Hz %}

Strain Sensitivity and

location of Hanford and U niou iR

Livingston Interferometers Miass 20 eyt
(LIGO) Power Beam

Recycling Splitter s =4k ————

Laser 20w I] & [ | 100 kW Circulating Power | |

Source Test Test
Mass Mass

Signal
Recycling
"W Photodetector
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The search for Gravitational Waves: Michelson Interferometer to detect the «mirror
position during the passage of the gravitational wave».

A gravitational wave will actually «create and destroy» space.
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Inside one of the LIGO arms

=
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‘ Superattenuators

Possible contributions:

= Virgo+ will use
monolythic suspension

Input-mode cleaner
suspension

[ —— scism GROUND
| e seism MIRROR

i

frequency (Hz)
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14 Settember 2016: Hanford and Livingston observe at the same time (within 10 ms)
a clear gravitational wave signal: GW150914, with full duration of 0.5 s.

This kind of signal can be generated only by the mutual collapse of two Black-Holes
having ~36 and 29 Solar Masses. The resulting (Kerr-type) Black Hole has 62 solar
masses. Three solar masses have been transformed to energy (spacetime waves).

Physical Review Letters 116 (2016) 061102.

Hanford, Washington {(H1) Livingston, Louisiana (L1)

Raw Signals [

- H— LI ahserded
H1 ohseraed (shifted, e

U‘i“"“‘”f T‘“”"“’V\/\/V\urlmﬂ"“’“’:

— Muaveriical e atihvcy
Bepaooimeatniacted |l Rz shru cheadl (wiashet]

B Fooorstnacted | bemplatel

Strain (107%1)

— Mumerical el ity

. R ian st chedl e mnplabe)

Background |
subtracted

Baciground T &3/t Lo e

1 1
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TABLE I Source parameters for GW150914. We report Inspiral Merger Ring-
median values with 90% credible intervals that include statistical - -
errors, and systematic errors from averaging the results of
different waveform models. Masses are given in the source
frame; to convert to the detector frame multiply by (1 +z2)
[90]. The source redshift assumes standard cosmology [91].

Primary black hole mass 6 M,,
Secondary black hole mass 297 M,,

=LY T — Numerical relativity
I Reconstructed (template)
1 1

Final black hole mass 625 M,

Final black hole spin {j,ﬁ?jl-gé:' | |

Lli]]]jnﬂs,it}’ diStﬂ.l]EE: 4 1U+]|5‘U M]]E || = Black hole separation
-U L]

=180 === Black hole relative velocity

Source redshift z 0.09°%;

i i
0.30 0.35

Time (s)

Separation (Rs)

The evidence in favor of a BH-BH scenario is compelling (only two BH’s can reach
75 Hz of mutual rotational frequency before merging in a region of

Maximum power transformed into gravitational waves is
about 1000 times a Supernova energy release!

Spectacular confirmation of General Relativity as a classical theory.
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Well predicted discovery (this slide from a 2014 Conference)!

Sources of gravitational waves

[ Compact binary (BNS, BBH) coalescence. Best candidate for ground based
detectors

i
. merger ringdown e (sec)

_,1 ¢ ®

The GW signal produced in the last Only numerical Perurbative or
few inspiraling cycles are expected to solution available numerical
fall in the interferometer bandwidth

Test of general relativity in

GW emission well approximated by strong non-linear regime
the gquadrupole formula. Analytical

solution available. GW Candle.

Numerical (not Exact)

General Relativity Solutions
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How does GW150914 compare with the Hulse-Taylor binary pulsar?

1/2/2017

PSR1916+13 versus GW150914

Waveform

Hulse-Taylar: 30 years of tImE
observation time

GWI150914: 0.2 5

PSR1916+13 Binary system

GW150914

NS-NS Compact object

BH-BH

M, = 1.44M,, M; = 1.3M, "Mass

M, = 36 My, Mz = 29 M,

4x 1073 GW amplitude

2 x 1077

7 x 10° Hz GW frequency

30 <+ 300 Hz

7.4 x 10" years Time to merging

0.3-+0s

6 x 107 ergs™" Peak luminosity

3 x 10%ergs™!

6.4 pe Distance

410 Mpec

10° km Radius orbit

~ 200 km
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Detection of other Gravitational Waves sources? Yes!

PRL 116, 241103 (2016) PHYSICAL REVIEW LETTERS ek ending Second direct

3 observation

GW151226: Observation of Gravitational Waves from a 22-Solar-Mass Binary

Black Hole Coalescence pUb“Shed in
B.P. Abbot ef al.” June 2016!

(LIGO Scientific Collaboration and Virgo Collaboration)
(Received 31 May 2016; published 15 June 2016)

| ., | Observed Black
il GW150914 05 Hole — Black
i °® | Hole (BH-BH)

| ;10 _| coalescences

LVT151012 0.5
Mﬂ"ﬁu‘-’u’t"‘ﬁ'ﬁ.‘.’.'.I.',“ 0.0
-0.5
) l -1.0

| i 10 Maybe three.

: ] 0.5

| — H arlfo rd i AWWARAANRAAAAAIA AR ','I" 00

[ — Livingston =0.5
T . . | , -1.0

10! 10? 0.5 1.0 1.5 2.0

Frequency (Hz) Time from 30 Hz (s)

The expectation is for many sources to be identified in the near future.
A Gravitational Wave astronomy!
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Astrophysical Sources for Terrestrial GW
Detectors

Compactbinary Coalescence: “chirps”
— NS-NS,NS-BH, BH-BH

Supernovas or GRBs:“bursts”

— GW signals observed in coincidence
with EM or neutrino detectors

Pulsars in our galaxy: “periodic waves”

— Rapidly rotating neutron stars
— Modes of NS vibration

¢ it ?.
Cosmological: “stochastic background”? ‘-"\7 =
— Probe back to the Planck time (104 s) .

— Probe phase transitions : window to force |
unification

— Cosmological distribution of Primordial black holes
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Backup Slides
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The Gravitational Wave Spectrum

Quantum fluctuations in early universe

Binary Supermassive Black
Holes in galactic nuclei

<

Compact Binaries in our
Galaxy & beyond

4
-

Compact objects

captured by Rotating NS,
Supermassive Black Supernovae

Holes —i

age of
universe hours sec ms

log(frequency) -16 -14 -12 -10 +2

wave period

R — - —»
Cosmic microwave Pulsar Timing Space Terrestrial
background Interferometers interferometers

polarization

Detectors
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Gravitational Waves and G.R. (1916)

[ Gravity is a manifestation of curvature of space-time produced by matter-energy

J Any rapidly moving mass generates fluctuations in spacetime curvature which
propagate at the speed of light. Gravitational waves

1 The physical quantity transported by gravitational waves is curvature

GW properties

[ Speed of light,

O Transverse, traceless,

] GWs stress and compress spacetime in two directions,
[ Two polarizations states “+” and “x".

hy +1‘
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Sources of gravitational waves

A mass distribution with Q_w # 0 ( Quy mass-quadrupole) produces GWs

j____'!l.a’ery low
P =@E§w@” Even in the most optimistic case h < 10720

[ Burst (i.e. core collapse supernovae)

1
E i M1ms\ [1kHz\ [10kpe
h 10~ » Lot
o0 (1[1"3%3“) (T)( / )( r )

[ Continous waves (i.e non axisymmetric spinning neutron star)

AnGlL.fAw oun [T\ [ fow \* {1kpe €
ho=——=F4= (L1 x10 ](fu)(mm) ( r )(m_—ﬂ)

[ Stochastic both from cosmological or astrophysical origin

10722) hago (2(f))? (100 Hz)? Hz™
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GWSs: more properties

« EM waves: at lowest order the radiation can be emitted by a dipole
source (1=1). Monopolar radiation is forbidden as a result of charge
conservation.

« GWs: the lowest allowed multipole is the quadrupole (1=2). The
monopole is forbidden as a result of mass conservation. Similarly,
dipole radiation is absent as a result of momentum conservation.

« GWs represents propagating “ripples in spacetime” or, more accurately,
a propagating curvature perturbation. The perturbed curvature
(Riemann tensor) is given by (in the TT gauge):

1 :
RgOko 9% aghjk ; gk =1,2,3
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GWs and curvature

¢ As we mentioned, GWs represent a fluctuating curvature field.
® Their effect on test particles is of tidal nature.

¢ Equation of geodetic deviation (in weak gravity):

¢k Pk TT

030 ‘SJ

[

distance between geodesics (test particles)

dt?

* Newtonian limit:
Newtonian grav. potential
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GWs vs EM waves

e Similarities:

v Propagation with the speed of light.
v Amplitude decreases as ~ 1/r.

v Frequency redshift (Doppler, gravitational, cosmological).

e Differences:

v GWs propagate through matter with little interaction. Hard to detect, but they
carry uncontaminated information about their sources.

v Strong GWs are generated by bulk (coherent) motion. They require strong
gravity/high velocities (compact objects like black holes and neutron star).

v'EM waves originate from small-scale, incoherent motion of charged particles.
They are subject to “environmental” contamination (interstellar absorption ete.).
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Effect on test particles (I)

« We consider a pair of test particles on the cartesian axis Ox at
distances = from the origin and we assume a GW traveling
in the z-direction.

« Their distance will be given by the relation:

di* = g, dotdx” = ... = —gi1dx” =

= (1 = h11)(220)* = [1 = hy cos(wt)] (20)°

dl ~ [1 — %h+ cos(wt)] (2x0)
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Effect on test particles (II)

¢ Similarly for a pair of particles placed on the y-axis:

1
* Comment: the same result can be derived  dl ~ [1 + §h+ cos(wt)] (2y0)

using the geodetic deviation equation.
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The quadrupole formula

¢ Einstein (1918) derived the quadrupole formula for gravitational radiation by solving the
linearized field equations with a source term:

: THY(t — |2 =27, 2")
OhHY(t, 7) = —kTH(t, 7)) —> I = _ By I,
| Am [y T — 7

¢ This solution suggests that the wave amplitude is proportional to the second time
derivative of the quadrupole moment of the source:

26

Qv

1
1A 3 v v 2
B (t—r/c) = [ a mp(:c“m — oy )

rct
( quadrupole moment in the “TT gauge” and at the retarded time t-r/c )

¢ This result is quite accurate for all sources, as long as the wavelength is much longer than
the source size R.
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Sensitivita degli osservatori Hanford (LIGO), Livingston (LIGO), Cascina (Virgo)
nel 2012 circa

10—20

Representative Spectra for LIGO/Virgo Detectors in S6/VSR2-3

— H1|]
— L1

0
5
T
—
=
v
c
@
O
©
| .
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@
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=
=
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=
=T

Frequency (Hz)
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Noise structure in gravitational interferometers

1000

Frequency (Hz)
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Interferometers

Interferometer resopnse to h,

=

= v

| 40
NP N

-\_ -
e

time [5]

-

Broad band
Lh+ sin (EE[;“"—L) Sensitivity increases with L

Y [P * Cutoff frequency:
Laser —ELc Qewl 7 Aew
W
~= =L —
c 2 4

Ap =Ar

Anisotropic response and polarization sensitivity

h = Fiyyhy + Fixyhx

h strain measured
F+ x) (sky position, polarization)
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GW150914 The binary parameters

Aace

LEGD Hanlord Obsarsaiory; GWIS0914

-
L I o e e e L LB B B B S B
i f .

— frsco

200 A5 <000 50 b i) L L
1 {ms)

Rough estimation: Leading order in the PN parameters and circular orbits

* QObserved GW frequency f and time derivative f gives the «chirp mass» M,

M, — mma)”
(my + mg)'/®

03 5 - - _ 3/4
— E [ﬁﬂ' Efﬂf 11,#'3);:] . EﬂM@

* Frequency of the Schwarzschild innermost stable circular orbit (ISCO) gives the total mass

fj’Sﬂ'ﬂ —~ 44[][' ;;jﬁ []'[?]

frsco = 150Hz = Mg, =m; +mg == T0Mg

my & my ~ 30 M,
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High-Energy Events in the Universe inspira Merger Ring

TABLE I Source parameters for GW150914. We report
median values with 90% credible intervals that include statistical
errors, and systematic errors from averaging the results of
different waveform models. Masses are given in the source
frame; to convert to the detector frame multiply by (1 +z2)
[90]. The source redshift assumes standard cosmology [91].

Primary black hole mass 6 M,,

=LY T — Numerical relativity

Sﬂﬂﬂdﬂf}' hlﬂﬂk hﬂlﬂ Mass zngU -Reconstriucted (templat?}
l I

Final black hole mass 62°4M,

| | = Black hole separation

Final black hole Spﬂ] {].ﬁ?:gg_lrj' ’ ) === Black hole relative velocity

Separation (Rs)

@
Luminosity distance 410*1% Mpc : | | :
- 0.30 0.35 0.40

Source redshift 7 {].{]9:3'343 Time (s)

he® | ¢’ c>

G \Gh G2

= 2.5x10” ergs™
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—

A Supernova \

—

Total energy

E~ 0.05M_ c?=10% erg 90% of energy goes

into neutrinos in 10 s

A Gamma-Ray Burst

Total energy

90% of energy goes
iInto e.m. waves or
gamma raysin 20 s

E~05M.c’=10" erg

GW150914

Total energy
E~3M_.c’=10" erg

All energy goes
into gravitational
waves in 0.5 s
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P.~10% erg/s

avg

Avg Power
P~ 5x10% erg/s

Avg Power

55
Py~ 5x10> erg/s
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Universo Primordiale: “rumore
correlato tra i vari rivelatori”

‘Mormorio’ dal Big Bang iniziale

AVES

mﬂmmﬂnMva‘

0]
=
o
o
)
0

SINGULARITY

Planck Time
10-438ECONDS
Singularity
creates

Space & Time

of our universe
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1 SECOND
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EARTH
Now

o .""ﬁ i .
"
i 1$hﬁﬁ

JJ“MH
100,000
YEARS

10 billion
YEARS

Cosmic
Microwave
backgraund

SASKATOON
t"-l YEAR DATA

COBE DMR
___3 YEAR DATA




/" relative orbit
»
_+ of spacecraft




Four-Velocity and Four-Momentum

The four-velocity and MCRF basis vectors of the world line at A

past liI\ cone
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Let us now consider a particle in motion in an inertial system O and transform its
four-velocity from the rest system O to the inertial system O (v along 1)

U — -(1,0,0,0)

p— 5(m,0,0,0)

p* =p°
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Generaly Relativity Math

~ (24 ~ a a ~ o=
€, +VI,E,=(V35+V )€, =VzE,

ap=u

a _\Ja )75 mle4 _ . Y7
Vig =V +VIT 5l o= Pas = Pulus Qups
Christoffel symbols and the metrics

Manifold: continuous space that locally looks (pseudo)Euclidean.
It is a set that can be continuously parametrized

Curvature can be introduced on the manifold

The surface of an infinite cylinder (or torus) is a manifold without curvature
The surface of a sphere is a manifold with curvature
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We want only differentiable manifolds (a cone would not work, because of the
apex)

Why introduce a metric over a differentiable manifold?
Because we need to express lengths and time intervals (and all physics)

A differentiable manifold on which a symmetric (0,2) tensor has been selected to
act as the metrics is called a (pseudo)Riemannian manifold.

It is pseudo because the metrics is not positive-definite.

The metrics defines the curvature of the pseudo-Riemannian manifold.

Any symmetric matrix can be diagonalized preserving the number of positive and

negative eigenvalues (the signature of the metrics). 1 0 0 O
” . ) 0O 1 0 O

Our capability to construct a local inertial frame: g.(X)>n, =
o o 0O 01 O
' 0 0 0 1]




Local Flatness Theorem: at any point P on the manifold, a coordinate system can
0,0, (P)=7,,,(P)+0|(x*)’]

(going to the local Lorent< frame). This is equivalent to:

be found such that:

The curved space has a flat tangent space at any point
Straight lines in flat spacetimes are the world lines of free particles
So, free particles are moving on lines that are locally straight lines

has 20 independent components

Lengths and Volumes :

‘1/2

= [|g, dxdx” dx=(-g)"*dx g =det(g,,)
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Going to the Lorentz local frame in P:

9., (P)=0,,,(P)=0

1/2/2017 Politecnico di Milano 52



Now considering curvature :

Extrinsic (just due to immersion in higher dimensional space). Euclid theorems
holds and the space can be deformed (without tearing it or crumpling it) into flat

space. Example: the cylinder.

Intrinsic, like the surface of the sphere: parallel lines, when continued, do not
remain parallel.

Paraller transport along a closed path: difference between a flat space (Euclidean
plane) and a curved space (surface of the sphere). —
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Parallel transporting 4-vector V :

~ | In alocally Lorentz frame :

o Ay s
dv dizvguﬂ =0
di

dx”

The equation for parallel transport is then :
UNS =0 VyV =0

Geodesics : a curve that parallel-transports its own tangent vector :

Uu’us=U’U%+U’U*T% =0
7] B Hp dx? UIB o dxﬂ i:i
dA ox” dA dx” dA
du dx” dx*
Fﬁ
dA Y dA da

U“=
If A is a curve parameter this becomes :
—

= V| Geodesic Equation. It is a curve of extremal length

d dx* dx” dx*
_ F,B
dA dA odA da
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Curvature Tensor

Curvature: the effect of parallel
transport around a closed loop

SVe=8abV*[re , ~T¢

y77ex

+0a€_+0bE, —daE_ —ME,

TS 1 R B O

vo© ud

SV =dadV*RY, -0 3
R =T ~T¢ +0ere —rere | Riemann Curvature Tensor

What is the form of the Riemann Curvature Tensor in the local Lorentz frame P ?
1 _ _
F,g/l :E g y(gaﬂ”u + ga,u,ﬂ — gﬁ',u,a) Fg,u(P) :0 g,uv,;/ (P) — gluv;;/(P) — O
o 1 .
But the derivative of I" is not zero |I,,. (P) =5 g ﬂ(g puve T 9pv.u0 9 yv,ﬂa)

a 1 aoc
Rﬂﬂv (P) =E 9 (gav,ﬁu ~Youp T Ypuor gﬂv,aﬂ)
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The following identities can be derived (which are true in P, but being tensor
equations are valid everywhere)

=

R R R +R . +R 0

afuv = Loy = avpu auvp =

Given these equations, R has 20 independent components (in 4 dimensions)

Flat manifold K———’ RZW=0
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Commutation of covariant derivatives and curvature

SV, A% = AC = AC L T% A

o T U U 7o
5), VT VAT,

In a locally inertial frame P, only the first term contribute, since the others will never
contain derivates of I :

VYV (P) =V, T N
v, v, Ve=vr, -1

+Terg, -Ters -, 5 ~T5

ou pv P = pv.u B

V,N“(P)=R; V"

This is a valid tensor equation - valid in any coordinate system.
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Geodesic Deviation

| Parallel lines, when extended,
do not remain parallel.

Now, suppose they start parallel
atAand A+

Equation of the geodesics at A (assumed to be locally inertial),
assuming that x° points along the geodesics (V® = &%)

Equation of the other geodesics at A, under the same
assumptions (except local inertiality):

F()?)('A\') = F(%,ﬂ gﬂ

d2§a_d2xa dZXa

:_r(%,ﬂfﬂ

dﬂz dﬂz (A')_ dﬁz (A)
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Now it is necessary to build the full second covariant derivative

V,Vy & _d(vg)+r“(vgﬂ)

Now using the fact that in A: =0

d «
ViV &%= (dﬂé "'Fﬁoé:ﬁj-l-ozﬁ

1/2/2017 Politecnico di Milano 59



Bianchi Identity,

Ricci Tensor,
_| Einstein Tensor

1
Starting from the Riemann Tensor: ng =§ g“(gw, su " Youpy T 9pu00 — 9 /;w,)

A 1 Ao 1
Raﬂyv = gale,Byv = E galg (gdv,ﬂ,u _ go;u,ﬂv T gﬂ,u,av _ g,Bv,o;u) = E (gav,ﬂ,u _ ga,u,ﬁv + gﬂ,u,av _ gﬂv,a,u)

— 1
R = 5 Qe = Qe+ s ~ gt

Using the symmetry properties of g and the commutation of partial derivatives

R +R +R =0

afuv,i afAuy apvi,u

A valid tensor equation which is valid everywhere

Bianchi Identity
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Ricci Tensor

It is the only mdependent contraction of the Riemann Curvature Tensor

0B, 050

+R =0

afiu ;v afvi u

, TR

this contraction yields Ry . +Rp,

wpiuw T R

Y7,
+RM "

afvi ;u

=0

Rf;ﬂ _%éfR;# =0

T
2 by

ZRf;u_ng;ﬂ -
(R“ﬂ—ig“ﬂR) =0/G% =0
2 M

o (R 308
g7
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Einstein Equations for Weak Fields — gy h ‘h,uv

/c'urvature

Flat spacetime Everywhere in spacetime

A coordinate system in which this happens is called a Nearly Lorentz Coordinate System
If one such system exists, then there are many others, linked by

1) Background Lorentz : x“=A%x” where the matrix A is a Special Relativity transformation.
Under this transformation, one has g,. = 7..+h .. with h transforming as a tensor. This
leads to the convenient fiction of thinking of a flat spacetime with a tensor defined on it.

2) Gauge transformations : small change of coordinate generated by a vector x* = x*+&(x”)
so that 9., ="t —S.s —$s. (the effect of coordinate changes is to redefine h).




